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Abstract – We revisit the physics of electron gas bilayers in the quantum Hall regime [Nature,
432 (2004) 691; Science, 305 (2004) 950], where transport and tunneling measurements provided
evidence of a superfluid phase being present in the system. Previously, this behavior was explained
by the possible formation of a BEC of excitons in the half-filled electron bilayers, where empty
states play the role of holes. We discuss the fundamental difficulties with this scenario, and propose
an alternative approach based on a treatment of the system as a pseudospin magnet. We show
that the experimentally observed tunneling peak can be linked to the XY ferromagnet (FM) to
Ising antiferromagnet (AFM) phase transition of the S = 1/2 XXZ pseudospin model, driven by
the change in total electron density. This transition is accompanied by a qualitative change in the
nature of the low energy spin wave dispersion from a gapless linear mode in the XY-FM phase to
a gapped, quadratic mode in the Ising-AFM phase.
Introduction. – The end of the 20th century was
marked by several major achievements in the field of con-
densed matter physics, related to studies of unconven-
tional states of matter. A significant breakthrough was the
experimental observation [1–3] and theoretical explanation
of the quantum Hall effect (QHE). Although the integer
quantum Hall effect can be explained using the concept of
non-interacting fermions [4–6], the explanation of the frac-
tional quantum Hall effect is based on a non-perturbative
treatment of the electron-electron interactions, resulting in
the formation of a new state of matter—a strongly corre-
lated incompressible quantum fluid [7–9]. Another discov-
ery was an experimental realization of the Bose-Einstein
condensation (BEC) of cold atoms [10–13]. This latter
achievement stimulated the search for BEC in solid state
systems, where condensation of various bosonic quasipar-
ticles, including magnons [14], exciton-polaritons [15, 16],
indirect excitons [17–19], cavity photons [20], and others
was experimentally reported recently. In this vein, a re-
markable setup consisting of electron bilayers in strong
perpendicular magnetic fields was suggested as a system
in which the physics of the QHE and BEC meet [21, 22].
The system under investigation consists of two quan-
tum wells (QWs) with n-type conductivity placed in a
strong perpendicular magnetic field B which is tuned to
make the total filling factor of the lowest Landau level
(LL) equal to one, νT = 1. Interestingly, a bilayer sys-
tem possesses a number of properties indicating the forma-
tion of a strongly correlated quantum state different from
the states previously observed in monolayer QH systems.
First, the tunneling between layers as a function of the
interlayer voltage V was shown to be qualitatively differ-
ent for small and large electron concentrations [23]. Sam-
ples with high electron concentration demonstrated the
well-known Coulomb suppression of tunneling at V = 0
[24]. On the contrary, samples with low density exhibited
a pronounced maximum at V = 0, similar to that char-
acteristic of the Josephson effect. Second, in counterflow
experiments where the Hall voltages in individual QWs
were measured separately as a function of the magnetic
field, it was found that for values of the magnetic field
corresponding to νT = 1, the Hall voltages in the counter-
flow experiment dropped to zero [25, 26].
The described experimental results were qualitatively
explained in Ref. [21] as consequences of BEC of excitons
in electron bilayers. Indeed, in a bilayer system with to-
tal filling factor νT = 1 the electrons can be redistributed
between the two layers in different ways; for example, one
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can imagine that all of them lie in the lower layer, and
the upper layer is empty. This state was taken to be a
vacuum state. Then, if one removes an electron from the
lower layer and places it in the upper layer, one creates an
excitation in the system, which is expected to behave as a
boson. This situation is analogous to the one in the QHE
ferromagnet [27], with the difference being that the role of
the real spin is played by a pseudospin describing the local-
ization of the electron in the upper or lower layer. Then,
to minimize the total energy of the electron-electron in-
teractions, one needs to redistribute the electrons equally
between the layers. From the point of view of the above
defined vacuum state, this corresponds to the creation of
Nφ excitons in the system, with Nφ = eBS/2πh¯ being
the number of available states in a Landau level, where e
denotes electron charge and S is the area of the sample.
At low temperatures, these excitons undergo a transition
to a condensed state characterized by the onset of super-
fluidity and the appearance of a gapless Bogoliubov mode
in the spectrum of elementary excitations [28]. Further
studies of QHE exciton concept were performed, showing
its analogy to composite boson or 111 Quantum Hall state
[29–32]. In particular, along these lines the transition be-
tween composite boson and composite fermion states of
two decoupled Fermi liquids were studied [29].
It should be noted, however, that the approach intro-
duced in Ref. [21] faces a number of fundamental diffi-
culties. The first one is connected to the choice of the
vacuum state. This does not generate any controversy for
the quantum Hall ferromagnet (QHF), for which the vac-
uum corresponds to the state in which all spins are aligned
along the magnetic field and the Zeeman energy is mini-
mal. However, for the bilayer system, if one accounts for
the possibility (however small) of tunneling between the
two wells, the state having the minimal energy will ev-
idently corresponds to the case where the wavefunction
of the electron is a symmetric combination of the wave-
functions localized in the upper and lower wells for which
the electrons are equally redistributed between the wells.
Thus the state with all electrons concentrated in one of
the wells can by no means be taken to be the vacuum and
the concept of condensing bosons becomes shaky.
The second difficulty concerns the treatment of the ex-
citations in the QHF as non-interacting or weakly inter-
acting bosons which is possible only when the number of
excitations N in the system is much less then the total
number of states in a Landau level, N ≪ Nφ. This con-
dition is clearly violated in the case of a quantum Hall
bilayer (QHB) when N = Nφ/2.
In the present Letter we use an alternative phenomeno-
logical model for the description of the quantum Hall bi-
layer at total filling factor νT = 1. We show that the
experimentally observed superfluid behavior of the QHB
system can be explained within the pseudospin model [33]
and is associated with the XY-FM ground state phase
characterized by non-zero spin stiffness and gapless linear
dispersion of elementary excitations.
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Fig. 1: (color online) (a) Sketch of the system, showing two
quantum wells (QWU and QWL) separated by distance L. The
layers are in the quantum Hall effect regime, where effective
lattice spacing is given by magnetic length ℓ. Jz, J , t and
hz correspond to the effective couplings and magnetic fields in
the pseudospin description. The Ising term Jz describes the
difference in energy between parallel and antiparallel electric
dipoles; the term J describes spin exchange processes of the
exchange of electrons between two neighboring orbitals; the
term hz describes the effect of the external gate voltage creating
an asymmetry between the upper and lower QWs; and the
term t describes tunneling between layers. (b) A schematic
illustration of the states having pseudospins Sz = ±1/2 and
Sx = ±1/2.
Pseudospin description. – The system under con-
sideration consists of two thin quantum wells (QWs),
which contain a two-dimensional electron gas in a strong
perpendicular magnetic field [see sketch in Fig. 1(a)]. We
consider the situation where in-plane magnetic field is ab-
sent and thus real spin-related effects can be neglected
[34–36]. For non-interacting particles, the eigenstates of
the system corresponding to the first Landau level are a
set of circular orbitals with radius ℓ =
√
h¯/eB, whose
guiding centers form a regular grid. In the present work,
we concentrate on the case of total filling factor νT = 1,
where every orbital is occupied by a single electron rep-
resenting a two-level system, which can be mapped to a
S = 1/2 pseudospin. We denote the states with an elec-
tron being localized in the upper and lower wells as having
Sz = +1/2 and Sz = −1/2 [Fig. 1(b)]. The symmetric
and antisymmetric states correspond to an orientation of
the pseudospin along the x axis, Sx = ±1/2.
To construct the model Hamiltonian of the system in
pseudospin representation let us note the following. The
direct and exchange Coulomb interactions between elec-
trons lead to the appearance of effective interactions be-
tween pseudospins, which can be of Ising (Jz) and spin ex-
change (J) type, whose meaning is clarified in Fig. 1. The
Ising term corresponds to dipole-dipole interaction and is
of an antiferromagnetic nature, Jz > 0, and the exchange
interaction is of ferromagnetic type, J < 0. Tunneling
p-2
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between layers leads to a hybridization of the two modes,
acting as an effective transverse magnetic field t lying in
the x-y plane. Finally, the applied voltage between layers
creates an asymmetry between the upper and lower QWs,
thus leading to the emergence of an effective longitudinal
field hz along the z axis.
The system can thus be described by the two-
dimensional S = 1/2 XXZ model Hamiltonian:
Hˆ = J
∑
〈i,j〉
[
Ŝxi Ŝ
x
j + Ŝ
y
i Ŝ
y
j +∆Ŝ
z
i Ŝ
z
j
]
−hz
∑
i
Ŝzi −t
∑
i
Ŝxi ,
(1)
where ∆ = Jz/J denotes the anisotropy parameter that
depends on the experimental configuration (see discus-
sion below). The operators Ŝx,y,zi,j are standard pseu-
dospin 1/2 operators with commutation relations defined
as [Ŝαi , Ŝ
β
j ] = ǫαβγδij Ŝ
γ
i . We neglect the states containing
empty orbitals or orbitals carrying two electrons (one in
the upper well and one in the lower well) and drop the spin-
independent term in the interaction energy which does
not influence the results. We note that the microscopic
derivation of the generic pseudospin model was performed
in Ref. [37]. However, in the following we do not consider
the full SU(4) spin representation, where both real spin
and pseudospin degree of freedom are accounted for, and
concentrate only on the latter.
First let us consider uncoupled layers for which the effec-
tive transverse field vanishes, t/J → 0, and study the lon-
gitudinal field dependence of the pseudospin system. We
are primarily interested in the ground state properties of
the quantum system, and want to answer the question: is
the ground state gapless or gapped? While the latter will
manifest itself in a finite resistivity of the drag measure-
ment in counter-flow experiments, the former can account
for the superfluid-like behavior of the system observed in
Ref. [23]. To answer the question, several strategies can be
used. First, one can use a quantum Monte Carlo approach
which was shown to be a universal tool for studying spin
systems, in particular for extracting phase boundaries and
corresponding critical exponents of a model. At the same
time, the estimation of ground state behavior can also be
done using a spin wave theory, while being less quantita-
tively successful for calculation of other observables. In
the following, we have used the first method.
We have simulated the Hamiltonian (1) on square lat-
tices using the Stochastic Series Expansion (SSE) quan-
tum Monte Carlo (QMC) method with standard operator
loop updates for the longitudinal field [38, 39]. The sim-
ulations were performed on finite size lattices of the form
L× L (12 ≤ L ≤ 24). Estimates for ground state proper-
ties were obtained from a finite-size and finite-temperature
scaling analysis of the obtained data. To characterize the
different phases, we compute the uniform and staggered
magnetisation as well as the spin stiffness which provides
a convenient way to detect the presence or absence of a
spin gap in the ground state.
The ground state phase diagram of the system is pre-
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Fig. 2: (color online) Phase diagram of the pseudospin system
plotted as a function of absolute value of the dimensionless
anisotropy parameter ∆ and dimensionless longitudinal mag-
netic field hz/J . We see that for small anisotropy (|∆| < 1)
and longitudinal field hz/J < 2 the ground state state is gap-
less (ρs 6= 0), and represents a superfluid phase.
sented in Fig. 2. We encounter three phases, two of which
are gapped (Ising-AFM and fully polarized phases), and
one is gapless (XY-FM phase). From the point of view
of the experimental configuration relevant to the onset of
superfluidity in counterflow experiments, the most impor-
tant feature here is the Ising to XY-FM phase transition.
For hz > 0, this phase can be understood in terms of
a BEC of field induced magnetic excitations (magnons),
and is different from the proposed excitonic BEC scenario.
The transition to the fully polarized (FP) phase occurs
only at high magnetic fields hz/|J | > 2, and the corre-
sponding boundary is given by the analytical expression
(∆/J)cr = hz/2− 1 [42] and according to our estimations
corresponds to a parameter range which is not covered in
current experiments.
A large transverse effective magnetic field, characterized
by the parameter t, will lead to the appearance of a gapped
ground state of the system, and thus destroy any super-
fluid order. However, we note that the tunneling matrix
element between upper and lower wells t rapidly decreases
with the distance between them, L, and the value of the
separating potential barrier, U0. It can be estimated as
t ≈ 4U0e−
√
2mU0L/h¯, and is typically orders of magnitude
smaller as compared to the interaction parameters Jz and
J in experiment [23].
Relation to experiment. – To relate the phase di-
agram obtained above to the experimental configuration,
let us recall some details about the quantum Hall bilayer
system, which was studied experimentally [23]. It con-
sists of two GaAs quantum wells of width LQW = 18
nm, separated by an Al0.9Ga0.1As barrier with thickness
Lspacer = 9.9 nm. This leads to a separation of L = 27.9
nm between the centers of the QWs. The total 2D con-
centration is controlled by gate electrodes and varies from
N
(0)
T = N
(0)
1 + N
(0)
2 = 10
11 cm−2 to N (0)T = 10
10 cm−2.
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Fig. 3: (color online) Interaction anisotropy constant |∆| as a
function of total electron density (a) and layer separation L (b).
In plot (a) the distance between QW centers is fixed to L = 27.9
nm. The electron density in (b) is fixed to NT = 2×10
10 cm−2.
Additionally, an external voltage applied to the layers
can make electron concentration in the QWs unequal,
N1 6= N2, thus introducing a longitudinal effective mag-
netic field hz in the pseudospin description.
The relevant parameter of the system is a magnetic
length ℓ =
√
h¯/eB, which controls the spacing between
effective lattice sites and, consequently, the interaction
between electrons. Typically in QHB experiments the to-
tal filling factor νT = 2πh¯NT /eB is fixed to unity by a
fine tuning of the magnetic field, leading to an unambigu-
ous relation between magnetic length and electron density,
ℓ =
√
1/2πNT . The transition from dissipative to su-
perfluid transport was experimentally reported when the
electron density was decreased.
To develop a quantitative description of QHB within
the pseudospin model and compare the results with those
obtained in experiment, we calculate the constants Jz and
J as matrix elements of the Coulomb interaction for the
states of the two electrons located at the orbitals with
neighbouring guiding centers. The procedure is described
in the Supplemental Material [41], and allows us to calcu-
late the anisotropy constant ∆ = Jz/J as a function of the
total electron density [Fig. 3(a)] and interlayer separation
L [Fig. 3(b)]. In the plots we show the absolute value of
the anisotropy constant, as the calculated exchange con-
stant J has negative sign. This results in a ferromagnetic
nature of XY phase. Notably, the behavior of ferromag-
netic phase (J < 0) of XY limit (|∆| < 1) is not quali-
tatively different from that of the antiferromagnetic case,
J > 0, both corresponding to gapless superfluid behavior.
As can be seen from Fig. 3(a), in the absence of tun-
neling between the layers and layer asymmetry (hz = t =
0), the XY-FM to Ising phase transition occurs at the
isotropic Heisenberg point |∆| = 1 which corresponds to
a density NT = 3.× 1010 cm−2. In experiment, superfluid
behavior was reported for a density N crT = 5.4×1010 cm−2
[23], which is quite close to our result. The difference can
be attributed to the approximative nature of our model,
where we considered thin QWs and neglected the long-
range nature of Coulomb interaction between electrons at
different orbitals. This for instance can lead to frustration
0.0
0.5
1.0
1.5
2.0
E
n
e
rg
y
J
0.4 0.2 0.0 0.2 0.4
∆=0
∆=1/2
∆=1
∆=1.1
Wave vector, k 2 pi/lx
k  = 0y
Fig. 4: (color online) Dispersions of the QHB magnons as a
function of wave vector kx, plotted for the ky = 0 wave vector
value.
and emergence of a spin liquid phase [37]. We estimated
the value of a next nearest neighbour Ising interaction J ′z
to be seven times smaller than Jz for densities correspond-
ing to the transition point, and note that this also corre-
sponds to a superfluid phase in the extended Heisenberg
model [40].
Dispersion of excitations. – In the relevant limit
of small effective magnetic fields hz and t, it is possible
to derive the dispersions of elementary excitations in the
quantum Hall bilayer system. They correspond to spin
wave excitations, or magnons.
We use the standard spin wave analysis based on
Holstein-Primakoff transformation [43–46] to study the
low energy magnon excitations of the Hamiltonian (1) with
t = hz = 0 (see [41] for details). The resulting dispersion
is
ω(k) = 2|J |
{ √
(1− γk)(1 + |∆|γk), |∆| ≤ 1,√
∆2 − γ2k ,∆ ≥ 1,
(2)
where γk = [cos kx + cos ky ]/2 and momenta kx, ky are
measured in units of the inverse lattice constant, 2π/ℓ.
Using equation (2) we can plot the dispersions of the
spin wave excitations in the full range of the anisotropy
parameter ∆. The results are depicted in Fig. 4, where
we show the spin wave energy as a function of wave
vector along the x axis, kx, while fixing the wave vec-
tor ky = 0. The magnons are found to be gapless for
∆ = 0, 1/2, 1. They correspond to the gapless Gold-
stone modes in the superfluid phase of the weakly in-
teracting BEC. The experimental observation of gapless
excitations can thus be attributed to spontaneous sym-
metry breaking in the XY model, leading to superfluid
pseudospin behavior. The magnon velocity v, defined as
ω(k) = vk, can be calculated from the expansion around
(kx, ky) = (0, 0) point, and is equal to v = |J |
√
1 + |∆|.
The resulting approximate relations are shown by dashed
lines in Fig. 4. As seen in a similar expansion for the Ising
limit |∆| > 1, the spin wave dispersion becomes gapped
with ω(k) = 2J
√
∆2 − 1 + J/(2√∆2 − 1)k2.
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Conclusions. – To summarize, we revisit the system
of the electron quantum Hall bilayer, where superfluid be-
havior of the system has been experimentally observed.
We show that the existing description of the system in
terms of excitons faces fundamental problems. As an al-
ternative, we propose a quantitative theory based on a
model 2D pseudospin magnet, that explains the observed
behavior as a consequence of the onset of a superfluid
phase in the XY limit of the Heisenberg model. The cal-
culated critical electron density at which the gapped to
gapless transition occurs is consistent with experimental
measurements. We analyze the dispersions of the elemen-
tary excitations in the system, which correspond to spin
waves (magnons), and demonstrate that for relevant val-
ues of the parameters it corresponds to a Goldstone mode
satisfying the Landau criterion of superfluidity [47].
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